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Overview I

e \We will be focussed on intensity based approaches for the joint pricing of equity
and credit derivatives.

e There are three parts to this talk:

1. Replicating the payoff to a defaultable bond by dynamic trading in an equity
option and its underlying.

2. Replicating the payoff to a digital default claim by dynamic trading in an option
and its underlying.

3. Semi-robust replication of a digital default claim using a static position in a
single name variance swap, options, and dynamic trading in their underlying.



Part |: Replicating a Defaultab le Bond I

e Inspired by a prior conjecture by Samuelson (1973), Merton (1976) valued a call
option in closed form in an extension of the standard Black Scholes model which
allows the stock price to jump to zero at an independent exponential time.

e Define a defaultable bond as a claim that pays one dollar at T if no default occurs
prior to T and which pays zero otherwise.

e We will show how to replicate the payoff to this defaultable bond in the Black
Scholes model with jump-to-default.

e The replicating strategy involves dynamic trading in just stocks and calls; no po-
sition in a riskfree asset is required.



Assumptions I

e Consider a fixed time interval [0, T] and assume that the riskfree rate is constant
at some finite r € R over this period.

e |et:
B[ — e—l’(T—t)

denote the price at time t € [0, T| of a bond paying one dollar at T with certainty.

e Also trading is a stock which for simplicity pays no dividends over [0, T].



Assumptions (Con’d) I

e Fix a probability space and let [P denote statistical probability measure.
e Let S denote the spot price of the stock with & a known positive constant.

e Under P, let Ssolve the following stochastic differential equation:

dS = S-dt+0S_dW—S_dN, te[0,T],
where g > O is the positive constant volatility of the stock.
e The subscript t— on Sindicates the pre-jump stock price at t.

e The drift process |k is restricted so that S can neither explode nor hit zero by
diffusion.

e The (doubly stochastic) Poisson process N has statistical arrival rate a; > O.

e When N jumps from 0 to 1, the stock price Sdrops to zero and stays there.



Black Scholes Pricing Model I

e First consider the famous case where the default arrival process a is identically
zero.

e Itis is very well known that for bounded |, the arbitrage-free value of a European
call attime t € [0, T] is given by the Black Scholes call formula:

G = N(du(§,Bt))S —KN(dx(S,B))B,

where the functions d; and d, are defined by:

() +% (T 1)

di(S,B)

oy T —t
G(SB) = In(%)—%(T—t).

oy 1 —t



BS/Merton Replicating Argument I

e Recall the Black Scholes call formula:
C =N(di(S,Bt))S —KN(d2(§,B))B;,  te[0,T].

e This formula tells us that the payoff from a static position in one call option can be
replicated by:
1. Holding N(d1(S,By)) shares at each time t € [0, T]
2. Shorting KN(d2(S, Bx)) bonds at each time t € [0, T].

e Since the positions in each of the two assets depends on both asset prices and
time, the trading strategy is dynamic.

e It is also well known that this dynamic trading strategy is self-financing.



BS/Merton Hedging I

e As originally suggested by Merton, a static position in one call option combined
with a short position in N(d1(S,By)) shares is locally riskless and therefore must
earn the riskfree rate r (under P!).

e If we scale the call and share positions by the same factor, then the position is
still locally riskless.

e If the scale factor varies stochastically over time in a non-anticipating way, the
position in calls and shares is still locally riskless.



BS/Merton Bond Replication I

e Recall that the BS call formula is C; = N(d1(§,B;))S — KN(d2(S, B) ) B:.

e Suppose that we “solve” the BS call formula for the bond price B:
n__ G NA(SB ¢
KN(d2(S,Br))  KN(d(S,B))
e This formula tells us that the payoff from a static position in one bond can be
replicated by:

1. Holding KN(dzl calls at each time t € [0, T]|

(S,Bt))

2. Shorting % shares at each time t € [0, T].

e Since the positions in call and stock depends on time and the stock and bond
prices, the trading strategy is dynamic.

e This strategy is also self-financing.

e The general result is that a static position in any one of the 3 assets can be
replicated by a self-financing dynamic trading strategy in the other two.



BS/Merton Bond Replication I

e In many real world problems, the prices of both the target and basis assets are
readily observed (say on Bloomberg).

e The main objectives are either:

1. to hedge i.e. eliminate variance, or

2. to make model-based forecasts on what one price will be for a given move in
the other asset prices.

e With all of these observations in mind, let's see how these results change if a
jump to default is added to Black Scholes.
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Black Scholes Model with Jump to Default I

e Recall that we assumed that under the statistical measure P, the stock price S
follows:

dS = S dt+0S dW—S d\,  te[oT).

e \We now suppose that the real-world default arrival rate process q is strictly posi-
tive at all times.

e Let T1 denote the random jump time of Sto default.
e Suppose that there exists a defaultable bond:

—whichpays$latT ifty >T
— and which pays $ 0 otherwise.
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Defaultab le Bond Price Dynamics I

e Suppose for now that the defaultable bond price can be directly observed (on
Bloomberg of course).

e Suppose that in the past (i.e. before time 0), the defaultable bond price has
enjoyed constant exponential growth rate r + A.

e Based on these observations, we boldly predict that:
Di=e NTY11;>t), te[0,T],
where recall that T1 is the random jump time of the stock price to zero.

e Since the only jump allowed in the stock price is the one to zero, T4 is the first
and only jJump time of both the stock price process and the defaultable bond price
process. Both processes jump to zero at time T1, which can occur before, at, or
after T.
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Merton 1976 Call Pricing I

e Merton (1976) valued a call when the Black Scholes model is extended by allow-
ing the stock price to jump to zero at an independent exponential time.

e The revised pricing formula is C; = N(d1(§,D¢))S — KN(d2(S, D¢) ) Dy,
where recall that the functions d; and d, are:
2

In(gx) + (T —1) and dy(S,D) |”(i)—°—(T—t).
oyT —t oy T —t

di(S,D)

e Inwords, the defaultable bond price D; = & (M(T-Y1(1, > 1) replaces the default-
free bond price B; = e "(T-Y everywhere.

e Since Sand D can now both be zero, we now need to know the call value at the
point (S D) = (0,0) where the functions d; and d; are not defined.

e The obvious solution is to use the above pricing formula only fort € [0, Ty A T).

e For times t in the possibly empty set [11, T], we directly define C; = 0.
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Merton 1976 Call Replication I

e Recall Merton’s extended pricing formula for the European call:

N(di(S,D1))S — KN(da(S,Dp))Dy, ift € [0,TiAT)
G = _
0 ift [Tl,T].
e \When considered as a replication recipe, this formula clearly states that the payoff
from a static position in one call option can be replicated by:

1. Holding N(d1(§,Dy)) (defaultable) shares at each timet € [0, Ty A T).
2. Shorting KN(d2(S, Dy)) defaultable bonds at each timet € [0, T AT).
3. Holding no shares or defaultable bonds for t € [14, T].

e This dynamic strategy can be proven to be both self-financing and replicating.
Intuitively, if no default occurs over [0, T], then the Black Scholes model reigns
with the riskfree rate given by r +A. Hence, standard results can be used to
show that the strategy is self-financing and replicating in this case. If a default
does occur before T, then the defaultable stock-bond position jumps to zero at
the default time, thereby replicating the call value.

14



“Efficient” Call Replication I

e It is surprising that the call payoff can be perfectly replicated by dynamic trading
In just 2 assets when both diffusion and jump components are present.

e Standard arbitrage pricing theory implies that when the Black Scholes model is
extended to include a jump to default, 3 assets are needed to span the payoff of
a given equity derivative. Indeed, one cannot replicate the payoff to a European
put option using just dynamic trading in defaultable stocks and bonds.

e What is special about calls is that C; = 0 when (§,D;) = (0,0) and that C; > 0
when (§,Dy) > (0,0), except possibly att =T.

e Other equity derivatives have this property, eg. claims paying S'? forp> 0.

e For all such claims, if the stock position is used to neutralize the Brownian ex-
posure of the portfolio, and the defaultable bond is used to finance the required

changes in this stock position, then essentially by luck, the strategy also neutral-
izes the Poisson component.
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Replicating Defaultab le Bonds I

e Suppose that we “solve” Merton’s call formula for the defaultable bond price D:
G N(d(S,D)
KN(d2(S,Dt))  KN(d2(§,Dt))

e This formula tells us that the payoff from a static position in one defaultable bond
can be replicated by:

Dy S.

1. Holding ggis oy c@lls ateach time t € [0, T].

N(d1(&,Dt))
KN(d2(&,Dt))

e This trading strategy in calls and stocks is dynamic, self-financing, and replicating.

2. Shorting

shares at each time t € [0, T].

e If we didn’t know the defaultable bond price ex-ante, it wouldn’t matter, since in a
world of no arbitrage, we could numerically imply it out from Sand C.
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Summary I

e An extension of the Black Scholes model was considered in which the stock price
can jump to zero at an independent exponential time.

e In this setting, the payoff to a static position in one defaultable bond can be repli-
cated by a dynamic self-financing trading strategy in just calls and stocks.

e It is well known that the replication of a contingent claim written on the path of
a single Brownian motion requires dynamic trading in one risky asset and one
riskless asset.

e When one adds a jump to default to a Brownian motion, then spanning of the
payoff from an arbitrary contingent claim generally requires dynamic trading in
two risky assets and one riskless asset.

e The triple consisting of the call, the stock, and the defaultable bond are different.
As they are all worth zero in the event of a default, any one can be replicated by
dynamic trading in the other two. No position in a riskless asset is required.
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Future Research I

e Future research can be directed towards generalizing this result by allowing more
complicated dynamics for the asset prices.

e By exploiting both the linear homogeneity of the call payoff and the proportional
dynamics of the defaultable stock and bond prices, the same result holds if r and
A are each allowed to follow (possibly correlated) Gaussian processes.

e It is not clear whether the parsimony of the hedge survives a restriction to non-
negative and non-deterministic processes for r and A.

e In the next part, we show that the same qualititative result holds when instanta-
neous volatility is a known function of stock price and time.
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Part Il: Replicating a Digital Default Claim I

e By definition, a digital default claim pays one dollar at the default time if a default
occurs and zero otherwise.

e To value this claim by no arbitrage, we assume that the stock price is a continuous
process up to the default time. At the default time, the stock price again jumps to
zero.

e Assuming that the instantaneous volatility is a known function of the stock price
and time, we show how to replicate the payoff to a digital default claim by dynamic
trading in a European call option and its underlying stock.
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Assumptions

e We assume frictionless markets in a European call option, its underlying stock,
and a riskless asset. The call has strike price K and maturity T.

e For simplicity, we assume that over the option’s life, we have a constant riskfree
interest rate r, a constant dividend yield  (paid continuously over time), and a
continuous stock price process prior to default.

e When default occurs, the stock price Sdrops to zero. Hence, under the statistical
probability measure P, we have the following dynamics:

dS = kS dt+0(S_,1)S dWw - S dN, te[0,T],

where W is a IP standard Brownian motion and N is a doubly stochastic Poisson
process with statistical arrival rate Q;.

e The processes [ and O need not be known, but the volatility function o(S;t) :
R* x [0,T] — R™ must be known.
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Default Indicator I

e Recall the SDE:
dS = oS _dt+0(S_,1)S dW —S dN, te[0,T].

e Let D; = 1(N; > 1) be the default indicator process. If N jumps from O to 1 at
some time t, then the SDE indicates that the stock price drops from S_ to zero
and stays there afterwards.

e As a result, we also have:

ds = S _dt+0(S_,H)S dW — S dD;, te[0,T]. (1)

21



Delta Hedging a Long Call I

e What is the P&L if an investor buys a European call and delta hedges it?
o LetV(St) :R* x[0,T]— R* beaC?!function. Applying Itd toV; =V (],t)e/ (T

V(Sr,T) = /ef“avstds

+/ eth_ ( . DS aZV(S D —1V(S_t)+ (S_,t)]dt

[T olvion -vis 0 2v(s 10~ s_>] D,
0 i
e Subtracting and adding the stock carrying cost implies:

VST = V(&0 [ T IES 008 - (-as a

i [[em o [TENEI 6 b1 (-as Tes - V(S0 + 580

+/Tef<T—t> :V(O t) -V (S t)+iV(S t)S ]dD
0 ] ) — oS — — t-
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Martingale Representation I

e Recall the representation:
T 6V
V(ST) = V(0T + [ TS 0[S~ (- S

T ¢ 02V 0 0
i [[em o [TEVEIY s s -as s 0 -vis o+ s )]

T : 0
+/ T VIV(0,t) = V(S_,t)+ ==V (S t)S_] dDx.
0 !

0S
e Now, by choosing V (S t) to solve the parabolic PD.E.:
0?%(St)SF 0%V oV oV B B N
2 02 (Svt>+(r _q>sa_s(s7t> —rV(S7t>+E(S7t> — 07 and V(87T> — (S— K) )
e we get:
(T-1) 6V
(ST—K)" = V(S,0)¢ /er )[dS — (r — g)S_dt

+/ ef“[—vs 1)S_—V(S_,t)|dDy.
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P&L from Delta Hedging a Long Call I

e Consider buying a call att = 0 for Co and shorting 9%(S_,t) shares Vt € [0, T].

e The terminal P&L arising from this strategy is:
6V
P&Ly — —Coe T+ / ™92 (5 t)[dS - (r—q)S_dt].
e From the last equation on the last page, an alternatlve representation is available:

P&Lt = —Co T +V(S,0)€7 +/OT g(T-v [%V(s_,t)s_ ~V(S_,t)| dD.

° a%V(S—,t)S— —V(S_,t) is recognized as the positive dollar amount kept in the
riskless asset at time t € [0, T) when delta hedging a long call under no jumps.

e If the stock price never jumps, then dD; = O for all t € [0, T] and the last term in
the 2nd equation vanishes. In contrast, if the stock price drops to zero at some
time t prior to expiry, then the value of the long call and its delta hedge both
vanish. The investor is left holding a positive position in a riskless asset which
can be liquidated if desired.
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Implications of Delta Hedging a Long Call I

e The analysis on the previous slide implies that the realized P&L increases by
2V(S_,1)S- —V(S_,t) at the default time t.

e Recall our last expression for the profit and loss:
T 0
P& Lt = —Coe' T +V(S,0)€7 +/ g(T-v [a—SV(S_,t)S_ —V(S_,t)] dD:.
0

e Since the last term is nonnegative, no arbitrage requires that Cy > V (S, 0).
e Adding a jump to 0 unambiguously raises the value of a call from V (S, 0) to Co.

e Clearly, Co —V(S,0) is the positive price one must pay initially to get a claim
paying zero if no default occurs and paying out a%V(S—,t)S— —V(S_,t) dollars
at the default time t if this occurs before T.

e No arbitrage further requires that there must be some time t € [0, T] and some
stock price Ssuch that &V (St)S—V(St) > [Co—V(S,0)]€". Otherwise, an
arbitrage profit can be made by shorting the call and delta hedging it as if no
jumps can occur.
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Dynamic Replication of a Digital Default Claim I

e We have shown that delta hedging a long call requires paying $Co —V (S, 0)
initially in return for $2V (S_,t)S_ —V(S_,t) received iff default occurs by T.

e By definition, a digital default claim requires an up front premium payment and
pays out one dollar at the default time if and only if a default occurs before T.
1

e To find the fair initial premium, let’s rescale the strategy by at
a_SV(S—vt)S:—_V(S—vt)
each t prior to default. Thus, prior to default, the strategy consists of:
—lon L calls of maturity T
Vs 08 VE Y y
N(S_t) . . . .
—short 95 shares with the riskless asset financing all changes
a_SV(S—vt)S:—_V(S—vt)
In positions.

e Clearly, the upfront initial premium is also obtained by scaling. We conclude that
the initial arbitrage-free price of the digital default claim is given by:

OV ($,009—V(S,0)
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Summary I

e We showed that the payoff to a digital default claim can be replicated by a dynamic
trading strategy in calls, shares, and the riskfree asset.

e In contrast to Part | of my talk (and all research that | am aware of), we did not
have to specify the risk-neutral arrival rate of default.

e In common with Part | of my talk, we did have to know the volatility process. We
relax this assumption in the next part of my talk.
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Future Research I

e Future research can be directed towards generalizing this result by allowing more
complicated dynamics for the asset prices.

e The same qualitative results hold under deterministic r and q, even if the stock
volatility depends on the paths of traded asset prices.

e As more uncertainty is added, eg. an independent source of variation in volatility,
then more assets are needed to hedge.

e It would be interesting to consider newer derivatives such as equity default swaps
as hedge instruments. We will consider variance swaps as hedge instruments in
the next part.
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Part Ill: Default and Variance Swaps I

e Define a digital default claim as a security that pays $1 at a fixed time T if default
occurs before T and which pays $0 otherwise.

e Under the assumptions of Part 1, the payoff to a digital default claim can be
replicated by buying a default-free bond and synthetically shorting a defaultable
bond.

e In this part, we will show that under different assumptions than Part 1, the payoff to
a digital default claim can alternatively be replicated by combining static positions
in variance swaps and European options with dynamic trading in the underlying
stock.
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Assumptions for Part Il I

e \We assume that investors can take a static position in T maturity zero coupon
bonds and T maturity European stock options of all strikes K > 0.

e Letting Sy denote the terminal stock price, any twice differentiable payoff f(Sr) =

(k) + F/(K)[(Sr—K)* — (k—Sr) ]+ /0 (K)(K=Sr)*dK+ [ /(K)(Sr—K) K,
where the put call separator K > O is arbitrary.

e It follows that the payoff f(Sr) can be statically replicated at T by initially buying:

— f(K) zero coupon bonds,
— f/(K) calls of strike K,

— —f/(K) puts of strike K,
_ f”(
_ f”(

K)dK puts of all strikes K < K, and
K)dK calls of all strikes K > K.
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Stock Price Dynamics for Part Il I

e We furthermore assume that under the statistical probability measure [P, the stock
price Sis a positive continuous process with unknown stochastic drift and volatility
before and after the default time.

e When a default occurs, the stock price Sdrops by a fixed known percentage of its
pre-default value.

e We do not allow the stock price to drop to zero or below.

e Notice that the assumptions concerning default differ from those made in Parts |
and I1.
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Formal Stock Price Dynamics I

e Let N be a doubly stochastic Poisson process with compensating process a. A
default occurs when N jumps from 0 to 1.

e Let D; = 1(N; > 1) be the default indicator process and again let T; denote the
random default time, possibly infinite.

e Under the statistical probability measure IP, the stock price Ssolves:
dS = wS dt+0;S dW +S (¢l —1)dDy, te[0,T],
where &§ > 0is known and W is a [P standard Brownian motion.
e We do not require knowledge of the stochastic processes |, 0, and q.

e If D jumps from O to 1 at time T, then the stock price drops from S;_ to S,_e,
where | # 0 is a known finite constant. We have in mind that | < O, but the
analysis goes through if j > O.

e After the default time T, the stock price process Sis continuous over time, possibly
constant.
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More Assumptions I

e By Itd’s formula for semi-martingales, the log price dynamics are given by:

2 .
dInS = (I.J{—O-—Zt—(ej—l—J)atl(t ST]_)) dt+0tdW+Jth, t e [O,T]

e Assume that investors can dynamically trade the stock of the company without
frictions.

e We also assume zero interest rates and stock dividends over [0, T] for simplicity.
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Variance Swap I

e \We furthermore assume that investors can take a static position in a continuously
monitored variance swap of maturity T. For each dollar of notional, the floating
part of the time T payoff of a variance swap is the uncapped amount:

1 T T
/ otzdt+DTj2].
0

1
=_ [ (dIng)*==
s=1 ) (dnS)"=
e For each dollar of notional, the variance swap payoff is determined by subtracting
the fixed part of the payoff S5 from S, where the initial variance swap rate S is
chosen so that the variance swap has zero cost to enter.

e \When the stock price follows a positive continuous process, the payoff to a vari-
ance swap can be perfectly replicated by combining a static position in European
options of all strikes with dynamic trading in the underlying stock. Our stock price
process is positive but it is not continuous and hence the variance swap is not a
redundant asset in our setting.



Replicating a Digital Default Claim I

e We want to replicate the payoff Dt where recall that {D; = 1(N; > 1),t € [0, T]}
Is the default indicator process.

o Let f(X) =In(S/X),x > 0. Since f is C2, applying Ité’s formula to f(S) yields:

n(s)- / SO +/ n(g%) n(s) g s

e Simplifying and re-arranging:

Y Ls 1/ 52 @ —1—j]dD=[&—1—]
|n(ST)+ sds /tht_/ 1—j]dD;= |¢/—1—j|Dr,

since Do = 0.
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Replicating a Digital Default Claim (Con’d) I

e Recall that we have:

= Ll 1/ 4 q
In(ST)+ 5 ds /tht_ 1-j|Dr.

e Suppose that we subtract 1DTj2 from both sides:

S s
In(§)+ S—dS——/ dt——DTJ_[eJ —J—EIDT'

Dividing by e/ —1— ] — ‘7 and substituting in the floating part of the variance swap
payoff implies:

DT—O(In( ) /S—dS——T§ where 0 =

1
o 1| E
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Replicating a Digital Default Claim (Con’d) I

e Recall our current representation of the digital default claim payoff:

B S T a a B 1
DT —aln (g) —|—/O __dS_ETS$7 where a =

o 1| E

e The log payoff can be replicated by a static position in options:
a

< + + 2 o + © o +
aln(( Q) =~ g8~ (%50 1+ [k S dkr [ s K) ok

e Substitution leads to our final representation of the digital default claim payoff:
a

- - 2 a - © o -
Or = g [(S1-%)" (950" [ " a(K— S dK+ | pr(Sr—K)dK

T« o
+/O —_dS—ETs%
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Replicating the Digital Default Claim I

e Recall our final representation of the digital default claim payoff:

a
Dr = —¢ (S - %)~ (S-S +/ (K- ST+dK+/ (Sr—K)*dK

T s%
v [ Sas-Srs.
0 S- 2
e Thus, the payoff on the digital default claim can be replicated by:

1. a static position in —% ATM calls

2. a static position in % ATM puts

a static position in %dK puts for all strikes K < &
a static position in %dK calls for all strikes K > &

a dynamic position holding % shares at eacht € [0, T]|

o g bk w

a static position in variance swaps with a notional of —%T.
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Pricing the Digital Default Claim I

e Again recall our final representation of the digital default claim payoff:

T . .
Dr = —¢ (S - %)~ (S-S +/ (K —S) dK+/ (Sr—K)*dK

T s%
b [ Sas-Srg
0 S- 2
e Let Q denote the risk-neutral measure (associated with the default-free bond as
the numeraire.)

e Taking risk-neutral expected values on both sides, the risk-neutral probability of a
default over [0, T] is given by:

S

where Co(K, T) = EQ(Sr — K) T is the initial price of a call of strike K and
Po(K,T) = EY(K — Sp)* is the initial price of a put of strike K.

S o
Q{Dr =1} =~ [Co(So,T) = Po(So, )]+ [ 5PolK, T)dK + [ L 5Co(K, T)aK — 5T}
0
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Summary I

e Assuming that the only possible jump in the log stock price has known size, we
showed that the payoff to a digital default claim can be perfectly replicated by a
static position in variance swaps and standard options combined with dynamic
trading in the underlying asset.

e In contrast to any other work on credit derivatives replication, we made no as-
sumptions on the real world or risk-neutral arrival rate process.

e In addition, we made no assumption on the real world or risk-neutral dynamics
of instantaneous volatility, except that we required that stock prices always be
positive.
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Future Research I

e In general, one can also attempt to consider these results in the context of multiple
underlying stocks.

e One can then attempt a unified framework for CDQO's, single name CDS'’s, index
CDS, single name options, index options, single name variance swaps, and index
variance swaps (oh, and | forgot EDS!).
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